Results on the correlations of low-density classical and quantum Coulomb systems at equilibrium in three dimensions are reviewed. The exponential decay of particle correlations in the classical Coulomb system, Debye Hu ckel screening, is compared and contrasted with the quantum case, where strong arguments are presented for the absence of exponential screening. Results and techniques for detailed calculations that determine the asymptotic decay of correlations for quantum systems are discussed. Theorems on the existence of molecules in the Saha regime are reviewed. Finally, new combinatoric formulas for the coefficients of Mayer expansions are presented and their role in proofs of results on Debye Hu ckel screening is discussed.
I. COULOMB SYSTEMS A. Introduction
The emergence of thermodynamics and of various physical laws from the more fundamental levels of atomic theory and statistical mechanics were high points in our education in physics. But by the time we reached textbook treatments of the complex world of the Coulomb interaction, for example, formation of atoms and molecules and equilibria between them, we learned to demand less from theory and to be more content with reasoning by analogy consistent with thermodynamics. We know experimentally that atoms and molecules form, that they can behave like mixtures of ideal gases, so phenomenologically they have chemical potentials and we no longer insist that this emerge in some limit from N-body quantum Coulomb systems. We also know that Coulomb systems can have screening and dielectric phases. But when screening is expected to occur, it is quite a common practice to rather bluntly replace the Coulomb potential by a screened potential inherited from mean-field theories without inquiring too deeply into the legitimacy of this change. Likewise, there does not exist a first principle theory of the dielectric constant that does not presuppose the existence of atoms and molecules. At best, assuming that atoms form, one uses several laws, such as the Clausius Mosotti formula, whose microscopic foundations have to be elucidated. In all these cases, this is a sensible attitude since most of non-relativistic physics is reputed to be hidden within the N-particle Coulomb Hamiltonian. There are however basic facts that can be cleanly formulated as limiting theories and shown to persist near the limit as well.
This review is devoted to these types of results on Coulomb systems at low density. At low density the most famous properties of Coulomb systems are related to screening. The classical Debye Hu ckel theory and its quantum analogue the random phase approximation have been supplemented in recent years by additional information established both by rigorous proofs and by closer inspection of resummed perturbation theory consistent with aspects of the rigorous proofs. There is also a precise understanding how a dilute assembly of quantum nuclei and electrons can form gases of atoms and molecules in the Saha regime. These results are physically well understood but the challenge to derive them has shown that standard perturbation theories miss some effects; indeed it turns out that quantum Coulomb systems do not screen, in the strong sense that the classical system does. This is a principal focus of this review.
The first rigorous results were at the level of thermodynamics, the celebrated stability of matter theorem of Dyson and Lenard and the existence of thermodynamic behavior established by Lieb and Lebowitz. They hold for all states of nonrelativistic matter. The importance of the stability result is that it shows that quantum mechanics and electrostatics is a consistent simplified statistical mechanics of nature that needs no intervention from more fundamental levels of description.
The next level, which is the focus of this review, is to ask for information on correlations: here the variety of physical phenomena in question is so vast that we cannot hope for too much generality: thorough consideration of the low density behavior is the first and the most natural step in this direction.
There are three parts. The first is devoted to classical systems. Here a significant achievement is the proof that the Debye Hu ckel theory is a
